The spatial structure of a Bose-Einstein Condensate (BEC) loaded into an optical lattice potential is investigated. We suggest a method for generating chaos in BEC by modulating periodic signals to convert the regular states into chaotic states. The maximal Lyapunov exponent is calculated as a function of modulation intensity and modulation frequency respectively, and the chaotic orbits associated with the positive Lyapunov exponents.
Introduction
Chaos control and synchronization have drawn increasing attention this decade, following the efforts to analyze and understand the complexity of nonlinear dynamical systems as well as the studies of feedback control systems design. With many potential engineering applications in natural and social sciences, recent research has made significant advances and many useful results have been obtained [1] [2] [3] .
Recent years have also witnessed growing interest in an emerging direction of research termed anti-control of chaos, or chaotification. As a reverse process of suppressing or eliminating chaotic behavior in order to reduce the complexity of an individual system or a coupled system, anti-control of chaos aims to generate or enhance the system complexity for some special applications [4] [5] [6] [7] [8] [9] [10] [11] [12] . More precisely, anti-controlling chaos aims to generate some chaotic behaviors from a given system which is non-chaotic or even originally stable. By fully exploiting the intrinsic nonlinearity, this "control" technique provides another dimension for feedback systems design. This has potential applications in many fields including physics, biology, engineering, and medical as well as social sciences [4] [5] [6] [7] [8] . Some earlier work on chaos anti-control for discrete-time systems can be found in [9] [10] [11] [12] . Current attention continues to focus on effective chaos generation methods for continuous-time systems, where representative techniques include differential-geometry control, time-delayed feedback, and switching piecewise-linear control [13, 14] , to name a few.
Creation of the BEC has provided a platform for investigating many important phenomena in atomic physics, condensed-matter physics, and quantum optics. BECs have attracted significant attention due to their potential applications. Apart from being a marriage of two very recent disciplines within atomic and laser physics, BECs in optical lattices have relatives in many other fields of physics. The dynamics of the system is de- scribed by a Schrödinger equation combined with a nonlinear term, which represents the many-body interactions, in the mean-field approximation [15] [16] [17] [18] [19] [20] . In [21] , the OttGrebogi-Yorker(OGY) scheme, controlling chaos in BEC system, has been proposed. In this paper, we give a new anti-controlling method of modulating periodic signals in BEC system. 
A scheme of anti-control
The BEC system considered here is created in a harmonically trapped potential and then is loaded into a moving optical lattice. The 3D combined potential therefore is given by
where the second term is the harmonically magnetic potential with being the atomic mass and ω , ω , ω the trap frequencies. The periodic potential is a moving optical lattice with the space-time variable ξ = + δ 1 /2 where δ is the frequency difference between the two counter propagating laser beams and the laser wave vector which fixes the velocity of the traveling lattice as V L = δ/(2 ) When the BEC is formed in the region near the center of the magnetic trap, the magnetic potential is much weaker than the lattice potential and so can be neglected. According to the experimental parameters of Ref. [25] , we find that in the region 2 + 2 /2 + 2 /4 ≤ 100π the harmonic potential is of the order of 10 −2 E , which is much less than the lattice potential 1 = 14E ,
is the recoil energy. Therefore, the 1D optical potential plays the main role for the system and the quasi-1D approximation is valid in this region. On the other hand, for a time-dependent lattice, the damping effect should be considered. The damping effect caused by the incoherent exchange of normal atoms and the finite temperature effect [26] [27] [28] has been analyzed in detail for the two-junction linking of two BECs. For the system considered here, it is similar to the case of the linear junction linking of many BECs [26] . Thus, a damping effect caused by similar elements or other factors may also exist. With these considerations, the system is governed by the following quasi-1D Gross-Pitaevskii (GP) equation:
where is the atomic mass and 0 = 4π¯ 2 denotes the inter-atomic interaction with being the s-wave scatter-ing length. The case > 0 represents a repulsive interatomic interaction, and < 0 implies the attractive case. Parameter ψ is the macroscopic quantum wave function. The term proportional to γ represents the damping effect. We focus our interest on only the traveling wave solution of this equation and write it in the form
such that the matter wave is a Bloch-like wave. Here, α and β are two undetermined real constants. According to the definition of the space-time variable ξ = + V L 1 in the former, the traveling wave (ξ) moves with the same velocity as the optical lattice. Inserting Eq. (2) into Eq.
(1), we can easily turn the partial differential equation (1) into an ordinary differential one:
For simplicity, using the dimensionless variables and parameters
We let = R(η) θ(η) and
Where I 0 is optical intensity and L is the moving velocity of the optical lattice. The square of the amplitude R is simply the particle number density as |R| = | | = |ψ|, and θ is the phase of [22, 23] . According to the general theory of the Duffing equation, underlying Eq. (5) has a monoclinic solution only when the coefficients of the linear (R) and nonlinear (R 3 ) terms on the left hand side of Eq. (5) have opposite signs. Therefore, in order to study the chaos for the negative R term we must consider the case of attractive atom-atom interactions, i.e. < 0; Eq. (5) is just the parametrically driven Duffing equation with a damping term. The square of the amplitude R is simply the particle number density. Using the fourth Runge-Kutta algorithms we solve Eq. We calculate the maximal Lyapunov exponent of the BEC system using the algorithms presented by Wolf et al [24] . With λ max =-0.0661 in Fig. 1(a) and λ max = -0.06492 in Fig. 1(b) , the BEC system finally has a stable state of period -1, as the maximal Lyapunov exponent spectrum is negative. In order to anti-control the chaos in a BEC loaded into a moving optical lattice potential, we modulate the laser intensity I 0 as follows
where I 00 is the original laser intensity of I 0 ; is the modulation intensity and ω is the modulation frequency.
, ω and I 00 can be taken as the modulation parameters. Here we only modulate and ω as an example. In experiment, the laser intensity and frequency can be modulated easily. We take I 00 is 1.0. Inserting Eq. (6) into Eq. (5), we can obtain Eq. (7)
Numerical simulation
Firstly, we take the modulation frequency ω as the changing parameter. We calculate numerically the maximal Lyapunov exponent spectrum of BEC, with the parameters γ=0.05, =2.03, =-0.75, =0.03. Fig. 2 shows the maximal Lyapunov exponent as a function of the modula- tion frequency ω. The middle point-drawing line stands for the value of zero. We find that in many areas when 0 7 < ω < 1 0, ω ≈ 1 43, the maximal Lyapunov exponent is positive. If the modulation frequency takes a value within these ranges, the BEC would be in a chaotic state. Fig. 3(a) shows the strange attractor projected on to the 1 − 2 plane; however, we cannot tell whether this attractor is chaotic. We calculate the maximal Lyapunov exponent λ max =0.01229. The BEC system lies in a chaotic state as there exists a positive Lyapunov exponent. Fig. 3(b) shows the power spectrum. One can force the system to enter into a chaotic state from a regular state by modulating the frequency ω. In our method, we use a strong modulation to change the system from a periodic state into a chaotic state. Modulating laser frequency should be easily realized in experiment. Secondly, we take modulation intensity as the changing parameter. The modulation intensity takes different values when modulation frequency ω=4.0. Fig. 4 shows the maximal Lyapunov exponent as a function of the modulation intensity . We find that in some areas when 0 8 < < 1 0 and so on, the maximal Lyapunov exponent is positive. If the modulation intensity takes a value within these ranges, the BEC would be in a chaotic state. Fig. 5(a) shows the strange attractor projected on to the 1 − 2 plane; however, we cannot tell whether this attractor is chaotic. We calculate the maximal Lyapunov exponent λ max =0.36291. The BEC system lies in a chaotic state as there exists a positive Lyapunov exponent. 
Conclusion
In summary, we present a method of anti-control of chaos in Bose-Einstein Condensates by applying periodic signals to convert the periodic state into a chaotic state. The periodicity can be effectively controlled and made to enter into chaotic behavior by modulating the laser intensity or frequency. The two-mode theory, which is a simple model, already provides properties of the BEC system. We can further consider that there are three-body interaction terms in the BEC system and they will result in some interesting new results. Chaos is associated with quantum entanglement and quantum error correcting which are both fundamental subjects in quantum computations. Thus, it is valuable to apply control and anti-control to the chaos in the system.
